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Exercise. Use contour integration to evaluate the integral∫ 2π

0

dθ

a + sin θ
, for a > 1.

Solution.

z = eiθ dz = ieiθdθ =⇒ dθ = dz

ieiθ
= dz

iz
C : |z| = 1 eiθ 0 ≤ θ ≤ 2π

sin θ = z − z−1

2i

∫ 2π

0

dθ

a + sin θ
=
∫

C

1
a + z−z−1

2i

( 1
iz

)
dz

=
∫

C

1
iaz + z2−1

2
dz

= 2
∫

C

1
z2 + 2aiz − 1dz

z =
−2ai ±

√
−4a2 − 4(−1)

2
= −ai ± i

√
a2 − 1

=⇒ f(z) = 1
x2 + 2aiz − 1 has simple poles at z = (−a +

√
a2 − 1)i and z = (−a −

√
a2 − 1)i

But |(−a −
√

a2 − 1)i| = a +
√

a2 + 1 > 1 since a > 1.
So only (−a+

√
a2 − 1)i lies instead contour |z| = 1 and |(−a+

√
a2 − 1)i| = −a+

√
a2 − 1∫

C
f(z)dz = 2πiRes

(
f, (−a +

√
a2 − 1)i

)
= 2πi · 1(

−a +
√

a2 − 1 + a +
√

a2 − 1
)

i

= 2π

2
√

a2 − 1
= π√

a2 − 1∫ 2π

0

dθ

a + sin θ
= 2

∫
C

f(z)dz

= 2
(

π√
a2 − 1

)

= 2π√
a2 − 1

1


